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Abstract—A direct method for incorporating S-parameters into
an finite-difference time-domain (FDTD) algorithm is presented
in this paper. The frequency-domain S-parameters of an arbitrary
network to be embedded within an electromagnetic system are
represented as a series of modified impulse responses using a
nonuniform discrete-time technique. In this way, the currents
passing through the embedded network can be calculated using
a convolution in the time-domain. The calculated currents are
used to update the electric fields at the locations occupied by the
embedded network according to Ampere’s law. The simulation
results using this method have been compared with the results
simulated by Lumped-Element FDTD method (LE-FDTD),
showing very good agreement. The method presented here is
highly accurate and stable, and is suitable for use in quite general
cases, especially where the embedded network cannot easily be
represented by lumped elements.
Index Terms—Finite-difference time-domain (FDTD), incorporating, nonuniform, S-parameters.

I. INTRODUCTION

A

S THE SIGNAL frequencies used in modern microwave
electronics have increased rapidly, the finite-difference
time-domain (FDTD) method [1], [2] has been widely used to
analyze many different types of electromagnetic problems. Research has been reported that extends the basic FDTD method to
hybrid electromagnetic systems involving active and passive elements [3]–[7], where circuit elements such as resistors, capacitors, inductors, diodes, and transistors are treated as sub-grid
models on the FDTD meshes. The most popular method of embedding elements into FDTD meshes is so-called lumped-element FDTD method (LE-FDTD), which embeds lumped circuit
elements into FDTD in terms of Ampere’s current law. Indeed,
simulation results obtained using the LE-FDTD method show
very good agreement with practical measurements.
However in many cases, the embedded elements are linear
time-invariant networks obtained from separate simulations or
measurements, and these embedded networks cannot easily be
represented in terms of a lumped element equivalent circuit
model. It would be preferable, therefore, if a high-level description of such networks, typically based on scattering parameters
(S-parameters), could be easily and directly interfaced with the
FDTD algorithm. Simplistically, this can be seen as requiring
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an inversion of the S-parameters to the time-domain using some
form of numerical implementation of the Fourier Transform. In
practice, this is difficult to achieve for data known only up to
that is not naturally periodic.
some maximum frequency
A new method is presented in this work enabling the direct
incorporation of a network described by S-parameters into the
FDTD algorithm. Firstly, in Section II it is shown how the frequency-domain S-parameters of an arbitrary network can be
represented efficiently and accurately as modified impulse responses in the time-domain using a nonuniform discrete-time
technique [8], [9]. This method avoids the serious inaccuracies
that would otherwise occur when wideband nonperiodic S-parameter functions are transferred into the time-domain by the inverse fast fourier transform (IFFT) algorithm. Section III shows
how these modified impulse responses may be incorporated into
the FDTD algorithm using convolution to modify the updating
equations of the FDTD method according to Ampere’s current
law. Finally, in Section IV, the results simulated by this method
have been compared with independent results obtained by the
LE-FDTD method, showing very good mutual agreement. The
conclusions are given in Section V.
II. NON-UNIFORM DISCRETE-TIME TECHNIQUE
Because FDTD is fundamentally a time-domain algorithm,
the problem addressed by this paper requires that frequencydomain S-parameters must be converted into the time-domain.
However the S-parameters are usually available as nonperiodic
: it is a
data specified only up to some maximum frequency
nontrivial task to achieve the required conversion with a high
degree of accuracy and efficiency. As already noted, strategies
such as using a “window” function to suppress the given function outside the known band can create serious inaccuracies. Periodic extension appears attractive but seems very difficult to
manage in the general case without introducing serious discontinuities in either the magnitude or phase at the boundaries of
the periodic interval.
In order to overcome this problem, a nonuniform discretetime technique can be used to obtain representation of the S-parameters in the time-domain [8], [9]. As an example, consider a
, which is expressed as a Hermigiven one-port S-parameter
and
are the real part
tian function by (1), where
, respectively, and
is the maxand imaginary part of
imum (positive) frequency
(1)
A direct periodic extension of the S-parameters beyond the
will generally introduce major complexknown range
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Fig. 1. Time-domain representation of
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valued discontinuities at each boundary frequency. To avoid this
kind difficulty we introduce the following equation:

Fig. 2. Time-domain representation of S-parameter
sponse Fig. 1.

derived from re-

(2)
where and are real-valued unknowns which are chosen to
is both period and continuous at the maxensure that
imum frequency as well as possessing a zero-valued impulse
response representation at zero time when converted to the (discrete) time-domain. Hence, the following two conditions must
be satisfied simultaneously.
. For a Hermitian function this is suffi1) Im
cient to avoid a discontinuity in
at
is thus continuous and periodic in a complex-valued sense
and may be represented efficiently by a discrete-time sequence of impulse response weights separated by
.
2) The impulse response calculated as a result of condition (1)
is forced to be exactly zero.
at
Taking these conditions into account, two equations can be
and
such
derived to determine values of
that

(3)
(4)
where
is the interval of samples in frequency-domain, and
equally-spaced samples
the S-parameters are specified at
.
within the range
The resulting time-domain representation of
may resemble that shown in Fig. 1. However, our initial objective was
to obtain a discrete-time representation of the S-parameters.
This is achieved as follows.
1) Remove the additional phase shift introduced by the exponential term in (2). This corresponds to shift the entire response in Fig. 1 by an amount to the left, i.e., in the direction of negative time, and explains the need for condition
(2), since moving the first, zero-valued sample into negative time region does not then led to a violation of causality.
2) If K is nonzero, an additional impulse at time zero should
be added into the representation of
and the value
of impulse is K. The resulting discrete-time representation

Fig. 3. Network spanning several cells oriented in the z direction, where i, j,
and k are the coordinates indicating the vertex of a space cell.

of
is as shown in Fig. 2. The first interval is shorter
than other uniform interval. Therefore, the representation
is nonuniform discrete-time impulse response
of
and is described here as the modified impulse response.
Solving (3) is a straightforward numerical exercise in finding
a bracketed root of an algebraic nonlinearity. The modified impulse response will be used to incorporate the S-parameters into
FDTD algorithm in the next section.
III. INCORPORATING TIME-DOMAIN REPRESENTATION OF
NETWORK S-PARAMETERS INTO THE FDTD ALGORITHM
The link between the electromagnetic fields in the FDTD cells
and the current through the embedded network is provided by
Ampere’s law. The method of embedding circuit currents into
was proposed by Li [10], and
the FDTD algorithm at time
appears to be very stable. The integral form of Ampere’s law is
applied to obtain the FDTD updating equations at the location
at which the network is embedded

(5)
and
are the contour integration along the path
where
which encloses the current of the embedded network and the
surface integration of the area where the current of the network
passes through, respectively. It is assumed that the network occupies several FDTD cells and is oriented along the z direction
as shown in Fig. 3.
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Discretizing (5) gives

Fig. 4. Norton equivalent circuit derived from Fig. 3 for the network embedded
within the FDTD solution.

(6)
where the superscripts and subscripts in (6) stand for the time
and spatial coordinates of the electromagnetic fields respectively. It should be noted that the electric fields at time
are calculated using the values at time (n) and (n+1).
Assuming that the permittivity and the conductivity of the
medium are real and frequency-independent values, equation
(6) can be simplified as following:

A Norton equivalent circuit can be derived from (8):

(9)
where

(7)
where
In Fig. 3 there are three columns FDTD cells, so the whole
Norton equivalent circuit is described in Fig. 4.
As shown in Fig. 4, the three current sources are time-variant
signals, and the three internal resistors are time-invariant because the permittivity and the conductivity of the medium are
assumed to be frequency-independent. According to the definition of S-parameters, the frequency-domain equation corresponding to Fig. 4 can be derived as following:

(10)
A closer look at
reveals that it can be interpreted as
the cell’s sheet resistivity along the x-y plane at point i, j, k.
is the voltage that results due to the circulating
Also,
magnetic field and the potential difference in the electric field
intensity between the two faces of the cell.
from a to b in Fig. 3 is computed by
The voltage
the integration of the Ez components along the path from a to b.
For example, only considering the cells of the left column, the
equation which relates the voltage to Ez is as follows:

where
are the sums of the current
is the
sources and the resistances in parallel, respectively.
reference impedance whose typical value of 50 Ohms.
The previous Section showed how the time-domain representation of the S-parameters of the embedded network, could be
found as a series of samples in the form of a modified impulse re. Therefore, the frequency-domain
sponse, denoted here by
expression (10) can be converted to (11) in the time-domain

(11)
(8)

where the operator * denotes convolution, and to simplify notation
presents
at time n. Therefore, the current
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Fig. 5. Microstrip line terminated by a network which is composed of a resistor
and an inductor in series.

passing through the network at time
, and
from the previous

, can be derived

Fig. 6. The S-parameters of the embedded network.

.

(12)
where

It seems from (12) that the convolution has to be carried out
over all time, but the embedded wideband network is here represented by a discrete-time function of comparatively short duration. Therefore, the number of multiplications actually necessary for the convolution in (12) is much less than n, as are the
and
dimensions of the needed historic data records of
. Assuming the number of samples from the first
to the last nonzero sample of the modified impulse response is
, (12) can be replaced by the simpler (13)

(13)
Finally the calculated result
is inserted back into (6)
to update the electric fields at the location where the network is
embedded, and the normal FDTD updating equations are used
to update the electric fields everywhere else.
IV. VERIFICATION
To verify the method proposed in this study, a simple microstrip line ended by a network which is a resistor connecting
an inductor in series, is presented as shown in Fig. 5. To simplify

Fig. 7. The simulation results (Line1 is the simulation result by LE-FDTD
method, and Line2 is the simulation by the method in this study. The normalized
, where and are the permittivity and the permeability
Ez equals
in vacuum respectively). The two results show very good agreement, and from
the above figure can be seen virtually to coincide.

the simulation, the medium beneath and surround the microstrip
line is air, and the distance between the ground and the strip is
0.5 mm. The width of the strip is 2.5 mm. The network terminating the microstrip line is a resistor of 80 Ohms connecting
a inductor of 1 nH in series, and the reflection S-parameter of
this network is shown in Fig. 6, where it is clear that the phase at
the maximum frequency, 20 GHz, is nonzero so that nonuniform
discrete-time technique must be use to convert the S-parameters
into the time-domain to obtain the modified impulse response.
The FDTD cell size within the simulation is 0.5 mm
0.5 mm 0.5 mm. Twelve perfectly matched layers (PML)
are placed at the boundary of the computational domain to
mimic the open-region problem. The embedded network spans
the same width as the width of the microstrip line, so that the
cells occupied the network are 5 cells (x direction) 1 cell (y
direction) 1 cell (z direction) as shown in Fig. 5.
The source of the simulation is a Gaussian pulse which is
22.5 mm, 45 cells, far away from the end of the strip. Two simulations were run with LE-FDTD method and the method used
in this study. The normalized Ez of the center cell is calculated,
which is located just beneath the strip and a distance of 15 mm,
or 30 cells, from the end of strip. A comparison of the results is
given in Fig. 7, showing very close agreement.
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V. CONCLUSION
The method presented in this study can incorporate generalized S-parameters into the FDTD algorithm directly. Firstly
the frequency-domain S-parameters of the embedded network
are represented as a modified impulse response very accurately
by the nonuniform discrete-time technique. Secondly the curis calculated by
rent passing through the network at time
convolution processing. Finally the calculated current is used to
update the electric fields by the Ampere’s law.
The simulation result by this method has been compared with
the result simulated by LE-FDTD method. The comparison verifies that the method in this study is highly accurate. Furthermore, the method proposed in this study can be used for very
general cases, especially for networks which can not easily or
efficiently be represented by combinations of lumped elements.
In this study an example of a one-port S-parameter network embedded into the FDTD algorithm is shown to illustrate the analysis. Nevertheless this method can easily be generalized to the
case of multiple-port S-parameter networks interfaced with the
FDTD algorithm.
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